Re…nements of the generalized trapezoid inequality for functions of bounded variation in terms of the cumulative variation function are given. Applications for selfadjoint operators on complex Hilbert spaces are also provided.
Introduction
The following generalized trapezoidal inequality was obtained in 1999 by the author [11, Proposition 1] Z
where x 2 [a; b] : The constant 1 2 cannot be replaced by a smaller quantity. See also [9] for a di¤erent proof and other details.
The best inequality one can derive from (1.1) is the trapezoid inequality
Here the constant 1 2 is also best possible. For related results, see [1] - [4] , [6] - [8] , [10] , [14] , [15] , [17] , [18] , [20] , [22] - [27] and [29] - [32] .
The main aim of the present paper is to provide some re…nements of the inequalities (1.1) and (1.2) in terms of the cumulative variation function. Applications for selfadjoint operators on complex Hilbert spaces are also given. then V is also Lipschitzian with the same constant.
Refinements of the Generalized Trapezoid Inequality
The following lemma is of interest in itself as well, see also [16] . For the sake of completeness, we give here a simple proof.
and for any intermediate points i 2 [t i ; t i+1 ]; i 2 f0; : : : ; n 1g we have:
However,
for any i 2 f0; : : : ; n 1g ; and by (2
and the last Riemann-Stieltjes integral exists since jf j is continuous and W a is monotonic nondecreasing on [a; b] :
The last part follows from :
holding for any function g continuous on [a; b] and v monotonic nondecreasing on [a; b] :
The details are omitted.
The following result may be stated.
for any x 2 [a; b].
Proof. We use the identity obtained in [9] (
which holds for any Riemann integrable function f : [a; b] ! R. This can be easily proved integrating by parts in the second integral. Now, if f is of bounded variation on [a; b] ; then on applying the …rst inequality in (2.1) we deduce that:
Integrating by parts in the Riemann-Stieltjes integral we have
Making use of (2.5)-(2.7) we get the …rst inequality in (2.3).
Since
for any x 2 [a; b], which gives the second inequality in (2.3).
Using the properties of the maximum, we have
for any x 2 [a; b]; and the proof is complete.
An important particular case is where x = a+b 2 ; giving:
The …rst inequality in (2.8) is sharp. The constant 1 2 in the second inequality is best possible.
Proof. We must prove only the sharpness of the …rst inequality in (2.8) and the best constant.
Consider the function f : [a; b] ! R given by
We observe that f is of bounded variation and the CVF is given by
If we replace this function in (2.8) and perform the calculation, we get the same quantity b a in all three terms.
The …rst inequality in (2.3) is useful when some properties for the CVF are available, like for instance below: 
The inequality (2.12) follows by integrating the inequalities (2.10) and (2.12) via (2.3). 
for any x 2 [a; b]. The constant 1 4 is best possible. In particular, we have
The constant 1 4 is best possible.
Proof. First, we notice that if h : [a; b] ! C is of bounded variation, then jhj :
Indeed, by the continuity property of the modulus, we have that 
then we get in both sides of (2.15) the same quantity The following similar result also holds:
Proof. We observe that
For a given x 2 (a; b) ; de…ne the function g : [a; b] ! [0; 1) given by
We observe that g is of bounded variation on the intervals [a; x] and [x; b] ; g (a) = g (b) = 0: Moreover,
for any x 2 (a; b) :
Since g is nonnegative, observe also that
for any x 2 (a; b) : Now, if we apply Theorem 1 for the function g (we should notice that the Theorem 1 also holds if we assume the involved function is of bounded variation on the portions [a; x] and [x; b]), then we get
then we get from (2.18) and (2.19) the …rst two inequalities in (2.17) . For the last part, we observe that
The proof is complete. 
Observe that
Replacing these values in (2.20) and performing the calculations we obtain the same quantity b a in all terms. This proves the sharpness of all inequalities in (2.20). Then for every 2 R the operator
Applications for Selfadjoint Operators
is a projection which reduces A:
The properties of these projections are collected in the following fundamental result concerning the spectral representation of bounded selfadjoint operators in Hilbert spaces, see for instance [21, p. More generally, for every continuous complex-valued function ' de…ned on R and for every " > 0 there exists a > 0 such that ; k ] for 1 k n this means that
where the integral is of Riemann-Stieltjes type. We need the following result that provides an upper bound for the total variation of the function R 3 7 ! hE x; yi 2 C on an interval [ ; ] ; see [16] . For the sake of completeness, we give here a short proof. Lemma 2. Let fE g 2R be the spectral family of the bounded selfadjoint operator A: Then for any x; y 2 H and < we have the inequality
where _ E ( ) x; y denotes the total variation of the function E ( ) x; y on [ ; ] :
Proof. If P is a positive selfadjoint operator on H; i.e., hP x; xi 0 for any x 2 H; then the following inequality is a generalization of the Schwarz inequality in H Z The rest is easy to see and we omit the details.
